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STUDY GUIDE 


This is the first unit in the Geometry stream. It should be studied before 
the other geometry unit in this block, Unit GE2 , but it is up to you whether 
you study the Geometry stream units before or after the Groups stream 
units in the block. (Another possibility would be to study them alternately.) 

Sections 1 and 2 develop the concept of group actions (which you met in 
Unit IB2), in the context of examining the possible ways of colouring a 
geometric object. They should prove to be straightforward. 

Sections 3, 4 and 5 go on to use group actions to develop a powerful method 
of counting and listing the ‘essentially different’ colourings of such an object, 
subject to various conditions. These sections are rather more demanding 
than Sections 1 and 2. 

The video programme associated with this unit is VC2A, the first 
programme on the second video-cassette. It is, in a sense, an overview of the 
unit —- an application of the whole unit to the problem of the colourings of a 
hexagonal pyramid. It could be viewed at any time during your study of the 
unit, but we suggest that you might like to treat it as an introduction. 

There is no audio programme associated with this unit. 

You will not require the Geometry Envelope in your study of this unit. 


4 




INTRODUCTION 


When faced with a collection of objects, we can usually count them by 
pointing to the objects one at a time and ‘calling them off’ one, two, three, 
four, ..., and so on. 

Sometimes, if the number of objects is large, we may look for some 
convenient short cut: for instance, you might count the number of stars in 
the famous Stars and Stripes flag by some method such as observing that 
there are five rows of six stars (giving 30 stars) and four rows of five stars 
(giving a further 20 stars) and hence 50 stars in all (see Figure 0.1). 


Figure 0.1 

Even though you used a short cut, you can probably still see what you are 
counting: you are still able to count the objects in this simple way if need 
be. But what do you do if you cannot tell which objects are to be counted? 
You cannot point to the objects one at a time if you are not sure which 
objects to count and which to ignore. 

Suppose you wanted to count the number of ways of colouring the faces of a 
cube with three colours, each face being red or white or blue. With three 
choices for each of the six faces, there would seem to be 3 6 = 729 possible 
colourings; but should you really count all of these? One of them might 
have, say, blue on the top face and white on all the other faces; another 
might have blue on the front face and white everywhere else; others will have 
blue on some other face and white elsewhere. Surely you should count only 
one of these, because you will not be able to tell them apart once they are 
moved about? 

The problem is to do with the symmetries of the cube — and the solution 
(as you might expect!) is to be found in an appeal to groups. T his 
particular problem is rather more complicated than the others in the unit: 
you will find it solved in the Appendix. 

In Section 1, we study the way in which the symmetries of, say, a picture 
frame lead us to regard two colourings as the same. 

In Section 2, we expand the concept of a group action , which you met in 
Unit IB2. 

In Section 3, we make use of the group of symmetries to help us to count the 
number of distinct colourings. 

In Section 4, by examining the cycle structure of the elements of the 
symmetry group, we derive a powerful technique for counting such elusive 
‘objects’ as distinct colourings. 

In Section 5, a further development of the technique enables us both to 
count and actually to list the distinct colourings. At the end of this section 
Polya’s Theorem helps us to solve the problem of classifying colourings of 
geometric configurations. 




1 EQUIVALENT COLOURINGS 

If you have a collection of objects and want to know how many different 
objects there are, you face the often difficult problem of deciding when two 
objects are to be regarded as different: what precisely do we mean by saying 
that two objects are the same ? 


1.1 Equivalence classes and partitions 

The Introduction described the problem of counting the number of different 
ways of colouring the faces of a cube when each face is red or white or blue. 
Let’s look at a simpler problem of the same type. 

Example 1.1 

Figure 1.1 shows a number of ways of colouring a square picture frame, 
where each side of the frame is either black or white. 





Figure 1.1 

Which of the picture frames in Figure 1.1 do you think are ‘the same’, in 
some sense? 

Clearly there is a sense in which they are all different. If you made nine 
copies of your passport photograph and stuck one, the usual way up, into 
each of the frames, and then cut out all the framed photographs, you would 
certainly be able to tell them apart. On the other hand, suppose you were to 
cut out the frames without sticking pictures into them, shake them up in a 
bag, and then pick one out. If the selected frame had two adjacent black 
sides and two adjacent white sides, then you would not be able to tell 
whether it was number 1, 3, 5 or 9. These four frames are ‘the same’ in the 
sense that rotating any one of them by quarter-turns will produce the 
others. You don’t know how much rotation they have undergone in the bag, 
which is why you can’t tell which one of the four is the one you selected. ♦ 

Exercise 1.1 - 

Counting two frames as ‘the same’ if one can be converted into the other by 
rotation, how many ‘different’ picture frames are there in Figure 1.1? 


What we have effectively done is to partition frames 1 to 9 into equivalence 
classes ; two frames are in the same class if one can be rotated to produce 
the other or, equivalently, if once they have been cut out and shuffled in a 
bag, they cannot be distinguished from each other. The objects which we 
are partitioning into classes are frames in which we know the colours of the 
top, bottom, left and right sides individually. The equivalence classes are 
classes within which we know only the relative positions of the colours. 
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Example 1.2 

It is now worth extending Example 1.1 and counting all the classes of 
equivalent colourings of our square picture frame, using black or white sides. 
The top, bottom, left and right sides can each be individually coloured black 
or white, so the number of ‘objects’, or individual colourings, is 2 4 = 16. We 
are allowing rotations about the centre of the frame by integer multiples of 
7r/2, and counting two objects as being in the same class if one can be 
transformed into the other by means of such an operation. Therefore, there 
are six equivalence classes, as shown in Figure 1.2. 


Class 1 U 

1 

Class 2 

2 

!□ 

3 

□ 

4 

□ 

5 

Class 3 

6 

I □ 

7 

□ 

8 

□ 

9 

Class 4 

10 

l n 



Class 5 

m 

□ 

□ 


12 13 14 15 



16 


Figure 1.2 


Now test your understanding of what we have done so far by trying the 
following exercise. 

Exercise 1.2 _ 


Consider a hexagon H divided into three rhombuses, each of which is to be 
coloured with a single colour (see Figure 1.3). Using the colours black and 
white, and allowing rotations through any multiple of 27r/3, find the 
individual colourings and the classes of equivalent colourings. 



A rhombus is a four-sided figure 
with sides of equal length (and 
whose diagonals therefore intersect 
at right angles). 

Note that Figure 1.3 is a picture of 
a flat hexagon, not a cube. There 
are several pictures of hexagons in 
this unit, but no pictures of cubes 
except in the Appendix. 


Figure 1.3 








1.2 Orbits 

So far in this unit, the ‘allowable transformations’ have all "been rotations 
about the centre of the figures. In the examples we have considered, it would 
not have mattered if we had ‘allowed’ reflections as well. But, in other 
circumstances, allowing transformations to include reflections may well make 
a difference. For example, if the colours black, grey and white are used to 
colour the picture frames, are the colourings in Figure 1.4 equivalent? 



1 2 
Figure 1.4 


One colouring cannot be transformed into the other by rotation in the plane 
of the paper — but if the frames are made of flat pieces of wood, painted the 
same colour on both sides, then turning number 1 over will produce 
number 2. (In terms of isometries of the plane, the effect is of reflection in 
the diagonal passing through the top right and bottom left corners of the 
frame.) 

Thus, we cannot tell how many equivalence classes of picture frames we can 
produce using three colours, until we know whether or not we axe allowed to 
turn the frames over. If we denote by Fa plane drawing of an unpainted Figure 1.5 
frame (Figure 1.5), then the question becomes: axe the ‘allowable’ 

transformations the direct symmetry group r + (F), or are they the full T(F) and T + (F) are defined in 

symmetry group r(F)? Neither of these specifications is mathematically Unit IB3. 

more ‘right’ than the other. If the frames cannot be turned over, we use the 
group T + (F) in the mathematical specification, while if they can, we use 

r(F). 

Notice that the effect of any of the allowable transformations upon a 
particular colouring is to produce another colouring in the same equivalence 
class. Indeed, if we take any colouring and apply to it the allowable 
transformations, we obtain all the colourings in the same equivalence class. 

Thus (for instance) starting with the colouring labelled 3 in Figure 1.2, the 
four allowable rotations e, r[ir/2}, r[7r], r[37r/2] produce respectively the 
colourings 3, 4, 5, 2, which constitute the whole of Class 2. 

Exercise 1.3 _ 

Consider again the hexagon H of Exercise 1.2, and suppose that each 
rhombus is to be coloured black or grey or white. One of the possible 
colourings is given in Figure 1.6. 

(a) Suppose the group of allowable transformations is 
T + (H) = {e, r[27r/3],r[47r/3]}. Apply these transformations, and thus 
find the equivalence class of the colouring in Figure 1.6. 

(b) Repeat the process on the assumption that the group of allowable 
transformations is 

T(H) = {e, r [27r/3], r[47r/3], g[0], g[7r/3], g[27r/3]}. _ 

In effect, what we are doing is to allow the group of allowable 
transformations to act on the set of colourings, and to take the orbits under 
this action to be the equivalence classes which we wish to count. You met 
group actions and orbits in Section 5 of Unit IB2, and in the next section of 
this unit we shall revise these concepts and apply them in detail to 
colourings of geometric objects. 
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Figure 1.6 







2 GROUP ACTIONS 


2.1 The symmetry group of the square picture 
frame 

Let F be the square picture frame of Figure 1.5. We may describe its 
symmetry group, r(F), in a way analogous to that used in the case of the 
regular hexagon, which was considered in Section 1 of Unit IB2. The group 

is referred to as U 4 , and is generated by r = r[7r/2] and s = g[0]: You met D 4 in Unit IB 4 . 

D 4 = {r m s n : m = 0,..., 3, n = 0,1; r 4 = s 2 = e, sr = r 3 s} . 

We may record the effect of each of the elements on F by a device which you 
may well have seen in your previous mathematical studies. We draw a small 
identification symbol in each of the four sides; then, when a symmetry is 
applied, the positions of these symbols allow us to keep track of which side 
has been mapped where. Figure 2.1 shows the effect of the symmetry r. 


T T 



B B 


Figure 2.1 

Note that the positions T (top), L (left), B (bottom) and R (right) remain 
fixed, whereas the identification symbols show us that, in this case, the side 
that was in position T has been mapped to position L and that which was 
in position L has been mapped to B, and so on. 

Doing the same for each of the eight symmetries, we can construct a table 
describing the effect of the symmetries on the sides, as shown in Table 2.1. 

T L B R 
e T L B R 

r L B R T 

r 2 B R T L 

r 3 R T L B 

s B L T R 

rs R B L T 

r 2 s T R B L 

r 3 s L T R B 

Table 2.1 

At the risk of being tedious, we repeat: the positions T, L, B, R do not 
move. The fact that, for example, the table entry in row rs and column L 
is B means that the symmetry rs maps the side that was in position L, into 
position B. Mathematically we may consider Table 2.1 as defining a group 
action. 





We remind you here of the characterization of group action that was given 
in Section 5 of Unit IBS, immediately after the formal definition. 


Definition 2.1 Group action 

A group G is said to act on a set X if, for each g e G and x € X: 

(a) g A x e X, for all g e G, x € X; 

(b) eAi = i, for all x e X, where e is the identity element of G; 

(c) ( gh ) A x = g A (h A x), for g, h e G and x £ X. 


In this case, G = D 4 and X is the set of positions {T,L,B,R}. We call such 
a set of positions a configuration. We define the action by saying that 
g A x is the position to which the side of F that starts in position x is moved 
by the symmetry g. The corresponding table (Table 2.1 in this case) is 
called a group action table. 


Note the difference between a group action table and a Cayley table! 
Table 2.2 is the Cayley table for £>4. 


r°s r*s rs 


The Cayley table is made up entirely of elements of the group itself, and is 
always square, whereas the elements in the body of the group action table 
are (in this case) the positions T, L, B, R. This group action table (i.e. 
Table 2.1) is not square, as there are eight group elements but only four 
positions in the configuration. 


Exercise 2.1 _ 

Label the positions of the corners of F, as in Figure 2.2, and draw up a 
group action table for the action of D 4 on {A,B,C,D}. 

Exercise 2.2 _ 

Draw up a group action table for the action of £>4 on the configuration 
consisting of the diagonals, AC and BD, of F (Figure 2.3). 


So much for group actions on configurations. What we are really interested 
in, though, is how the group acts on colourings: this is the subject of the 
next subsection. 


2.2 Group actions on colourings 

One of the difficulties we shall encounter in dealing with group actions on 
colourings is that there are three sets to consider: 

• the group itself, say G; 

• the configuration on which the group acts, say X ; 

• the set of colourings of X, say C. 


This definition is not the same as 
Definition 5.1 in Unit IBS. It 
corresponds to Lemma 5.1, which 
uses the A notation and which 
provides an alternative, and 
equivalent, definition of a group 
action. 


B _ A 


C D 

Figure 2.2 



Figure 2.3 
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As well as the three sets, there are two group actions to think about: we 
assume that G acts on X, but we shall usually be concerned with the action 
of G on the set C of colourings. This arises naturally from the action of G 
on X: each element of G acts on the elements of X in a particular way and, 
in doing so, it affects any colouring of the configuration X to produce 
another colouring. In general, this will be a different colouring but it may 
sometimes be the same. Let us look again at the simple example in 
Exercise 1.2. 


Example 2.1 

We consider a hexagon divided into three rhombuses (see Figure 2.4). We 
have labelled the positions of the rhombuses: 1, 2, 3. 

The transformations allowed are rotations through any multiple of 2n/3, 
simply because such rotations are the only ones that permute the rhombuses 
among themselves. 


Here the configuration X is the set {1,2,3} of rhombus positions. The 
group G acting on X is 

G={e,r,r 2 : r 3 = e} , 

where r is the rotation through 2n/3 about the centre of the hexagon. 

On this occasion, the group action table (Table 2.3) and the Cayley table 
(Table 2.4) are both square: 



Table 2.3 Group action table Table 2.4 Cayley table 

What about the colourings of the rhombuses, using black and white? In 
Exercise 1.2 we found that there are eight of these; calling this set C, we 
may label them individually ci to cs- They are shown, collected into 
equivalence classes, in Figure 2.5. 


Class 1 



Class 2 



0 <» 







3 

Figure 2-4 


The group elements permute the colourings among themselves within each 
class. Thus, for example, the element r 2 moves c 5 to C7. + 




Before you attempt the following exercises, we remind you of the formal 
definition of an orbit, from Unit IB2. 


Definition 2.2 Orbit 

If a group G acts on a set X and 2; is an element of X, then the orbit 
of x under G is the set of elements of X obtained by acting on x with 
the elements of G. It is denoted by 

Orb(x) = {g Ax :g G G}. 


Exercise 2.3 _ 

Construct the group action table for the action of the group G on the set of 
colourings, C = {ci, C2,..., c 8 }, and list the orbits. 


This exercise illustrates the important point that the equivalence classes of 
colourings are just the orbits of the group action on the individual 
colourings. There axe, as we have seen, just four essentially different ways, 
given two colours, of colouring the three rhombuses into which the hexagon 
is divided; two colourings are equivalent precisely when they are in the same 
orbit under the action of the group of direct symmetries of the hexagon. 

Now it is time for you to try your hand at all this. 


5. 

in 

Note that this is not the set of all 
sixteen quadrant colourings using 
black and white. 


C D 

Figure 2.6 


In these two exercises the set X consists of the four quadrants of a square 
The positions of the quadrants are labelled A, B, C, D, as shown in 
Figure 2.6. The group G is D4, and C is the set of all the colourings of X 
which exactly two quadrants are black and two are white. 

B A 


Exercise 2.4 _ 

Identify the group action table for the group D4 acting on X. 

Exercise 2.5 _ 

Sketch the six colourings comprising C. Label them ci.ce, then write 

out the group action table for the group £>4 acting on C. Finally, list the 
orbits and describe them in your own words. 


You may say that you could easily have arrived at the conclusion that there 
are only these two essentially different ways of colouring two quadrants black 
and two white without all that labour! Of course you could; but could you 
do the same if you had to colour, say, the faces of a dodecahedron using, 
perhaps, five colours? The next section shows you how, using group actions, 
you could work out the answer in even the most complicated cases. 
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3 THE COUNTING LEMMA 


Some of the problems we have been looking at may have been easy, some 
perhaps harder, but that we were able to do them at all is due solely to their 
being relatively small and not too complex. It would be entirely another 
matter if, for instance, we were to tackle the problem of colouring the faces 
of a dodecahedron using five colours: we should then be faced with the task 
of deciding which of nearly a quarter of a billion colourings are equivalent. 
We need to employ some more sophisticated technique than brute force, and 
for this we turn to group theory — to group actions. Of course, we have 
already spoken of group actions, but we have not yet seen how they can be 
used to assist in the task of counting equivalence classes. 


3.1 Counting orbits 

We shall start with our familiar picture frame, but this time we shall use 
three colours. 

Example 3.1 

The configuration X is again the set {T, L, B, R} of the four positions of the 
edges of a square picture frame. Let us assume that the frame cannot be 
turned over, so the symmetry group is G ={e,r,r 2 ,r 3 } where r = r[7r/2]. 

This time we are given three colours: black, grey and white. We ask: what 
are the classes of equivalent colourings if all three colours have to be used ? 

That is, what are the orbits under the action of G on this set of colourings? 

Prom now on, the individual 
colourings on which a symmetry 
group acts will often be referred to 
as objects. 


This problem means that one colour must appear on two of the sides and 
then the other two sides can be coloured two ways: this gives twelve objects 
for each choice of ‘two-sided’ colour. Figure 3.1 shows this when two of the 
sides are black. 





Similarly, by considering first grey and then white as the colours of two of 
the sides, we obtain 12 objects each, thus there are 36 objects in total. 

Now, the orbits are all of size 4, since every non-trivial rotation sends any of 
the above colourings to a different one. Thus the number of orbits is 
36/4 = 9. + 
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Example 3.2 

The configuration, the symmetry group and the colour set remain as for 
Example 3.1, but this time we ask: what are the orbits if exactly two of the 
three colours must be used ? 

There are fourteen objects using the colour pair {black, grey}, fourteen using 
{black, white} and fourteen using {grey, white}, giving a total of 42 objects. 

This time, however, not all the orbits are the same size. Considering just the 
objects using the colour pair {black, grey}, there are twelve objects each of 
which is mapped to a different one by any non-trivial rotation, giving the 
three equivalence classes (orbits) shown in Figure 3.2. 


Class 1 


Class 2 


Class 3 
Figure 3.2 

The other two black and grey objects behave differently; they map to each 
other under r or r 3 , but each maps to itself under r 2 , as Figure 3.3 shows. 




Figure 3.3 

Thus, considering just the black and grey objects, there are 12/4 = 3 orbits 
of the first type and 2/2 = 1 of the second type. When we add in the black 
and white objects and the grey and white objects, we find that there are 
36/4 = 9 orbits of the first type and 6/2 = 3 of the second type, making 12 
orbits in all. Thirty-six of the objects belong to orbits that have no 
non-trivial rotational symmetry, and we are required to divide by 4 to count 
these orbits, while the others belong to orbits that have rotational symmetry 
of order 2, and we are required to divide by 2 to count these. 

Another way to look at this would be to count each of the latter objects 
twice, as we find them, to allow for their symmetries: that is, we would have 
36 + (2 x 6) = 48 ‘effective objects’ — which divides by 4 to get the correct 
number of 12 orbits. ♦ 

Exercise 3.1 _ 

How many orbits (equivalence classes) are there if at least two of the three 
colours must be used? 
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Example 3.3 

The configuration, the symmetry group and the colour set remain as for 
Examples 3.1 and 3.2, but now we ask: what are the orbits if just one colour 
is used ? 

There are three objects, as shown in Figure 3.4. 

□ □□ 

Cl 5 Cie C17 

Figure 3-4 

Each of these remains unchanged under all four elements of the symmetry 
group. Thus, in the same way that we counted twice each of the objects 
having rotational symmetry of order 2 so we should count each of the 
uniformly coloured objects four times. So we have 3 x 4 = 12 ‘effective 
objects’, which we divide by 4 again to obtain the correct number of 3 
orbits. + 

Example 3.4 

The configuration, the symmetry group and colour set remain as before, and 
we now ask: how many orbits are there altogether? 

We obtain the answer by adding together the answers that we obtained in 
Examples 3.1-3.3. Thus, Example 3.1 tells us that there are 36 ‘effective 
objects’ using all three colours; Example 3.2 shows that there are 48 
‘effective objects’ using exactly two colours; and Example 3.3 gives 12 
‘effective objects’ using just one colour. Thus the total number of ‘effective 
objects’ is 36 + 48 + 12 = 96, giving 96/4 = 24 orbits. ♦ 


3.2 Stabilizers 

In the examples of Subsection 3.1, we counted a particular object (i.e. a 
particular colouring of the picture frame) once if it had trivial rotational 
symmetry (i.e. rotational symmetry of order 1), twice if it had rotational 
symmetry of order 2, and four times if it had rotational symmetry of 
order 4. That is, we ‘weighted’ each object in accordance with its 
symmetries. How can we describe a general counting method based on this 
weighting idea? Well, we multiplied each object by the number of elements 
of G under whose action it did not change, i.e. we weighted each object by 
the size of its stabilizer. Then we counted orbits (equivalence classes) by 
adding these weights and dividing by the order of G. 

You have already seen the definition of a stabilizer, but we repeat it here See Unit IBS. 
for easy reference. 


Definition 3.1 Stabilizer 

If a group G acts on any set X, and x is an element of X, then the 
stabilizer of x under G is the set of elements of G which fix x. It is 
denoted by 

Stab(z) = {g: g eG, g Ax — x.} 


This is a general definition, valid for any group action, though in this unit X 
will always be a set C of colourings of some configuration. 
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The method of counting, which we introduced above, weights each object by 
the size of its stabilizer, and then gives: 



This is fine, as far as it goes, but we still seem to need a good knowledge of 
each of the orbits we propose to count, before we can actually count them. 
So does this really help us to count, say, the colourings of the dodecahedron, 
when five colours are available? 

Not yet, but we do have another trick up our sleeve — one that even a 
member of the Magic Circle would be proud of! It has been associated with 
the names of at least three great mathematicians: Cauchy, Frobenius and 
Burnside. Many mathematicians call it Burnside’s Lemma, and many others 
call it the Cauchy-Frobenius Lemma. We shall preserve neutrality and call 
it the Counting Lemma. 

When we say that a colouring such as c\ in Figure 3.2 has no rotational 
symmetry, what we really mean is that, so far as the action by the group G 
of rotations is concerned, the stabilizer is just {e}: 

Stab(ci) = {e}. 

So let us count it by the symbol 
(ci,e). 

On the other hand, C13 in Figure 3.3 has as its stabilizer the set {e, r 2 }: 

Stab(ci 3 ) ={e,r 2 }. 

So let us count it by the two symbols 
(ci3,e),(ci3,r 2 ); 

and when we count ci 5 of Figure 3.4, we shall of course use the four symbols 
(ci5,e),(ci5,r),(ci5,r 2 ) ,(ci 5 ,r 3 ). 

So, the total number of orbits (equivalence classes) is the number of all these 
symbols, divided by |G|. 

Now for the Magic Circle contribution! These symbols can be arranged 
differently. We can count all those whose group element is e, then all those 
whose group element is r, then r 2 ... and so on. In this way, each group 
element is counted once for each element of X which it leaves fixed, so it is 
the group elements which are now to be weighted — and the summation is 
carried out over the group, which we know more about. 

Example 3.5 

Let us now check this for Example 1.2, in which the colouring of four sides 
of a picture frame either black or white was investigated. 

For each group element in turn (the four rotations), we list the objects (i.e. 
the colourings) which it does not alter. 

The identity, e, does not alter any colouring; so against it we list all sixteen 
of the colourings in Figure 1.2. 


(ci, e), (c 2 , e), (c 3 , e), (c 4 , e), (c 5 , e), (ce, e), (c 7 , e), (c 8 , e), 

(c 9 , e), (ch>, e), (cn, e), (ci 2 , e), (ci 3 , e), (c 14 , e), (c 15 , e), (c 16 , e). 


We have not yet proved that this 
counting method gives the right 
answer — merely noted that it 
appears reasonable. The proof is 
given in Subsection 3.5. 


The colouring captioned i in 
Figure 1.2 is denoted here by 
c< (* = 1 , 2 ,..., 16). 
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The rotation r alters every colouring except the all black and all white 
colourings; these are the only two it does not alter (see Figure 3.5). 

Note that this is a different 
example from that of 
Figures 3.2, 3.3 and 3.4, so Ci and 
ci6 are not the same objects as in 
those figures. 


There are four colourings unaltered by r 2 (see Figure 3.6). 
r 2 : 

(ci,r 2 ), 


Finally, the rotation r 3 behaves just like r, and the only two colourings that 
it does not alter axe all black and all white. 

r 3 : 

(ci,r 3 ) ,(ci6,r 3 ). 

Altogether, the sum of the sizes of the sets of objects above is 
16 + 2 + 4 + 2 = 24. Dividing by the order of the group, we get 24/4 = 6, 
which is precisely the number of equivalence classes (orbits) which we found 
in Section 1. + 


(cio.r 2 ) ,(cn,r 2 ) ,(c 16 ,r 2 ). 

□ □ 

Cl Cio Cn Ci6 

Figure 3.6 



(ci,r),(c 16 ,r). 


□ 


3.3 Inert pairs 

We shall now look at this counting process another way. 

As we have seen, the number of orbits can be calculated by counting all the 
pairs (ci,gj) for which the colouring Cj is fixed by the group element gj, and 
then dividing the total number of such pairs by |G|, the order of the group. 
The following definition will help. 


Definition 3.2 Inert pairs 

When a group G acts on a set X, then the inert pairs of the action 
are the ordered pairs ( x , g) such that g Ax = x. 


We can then express our result above as: 


Once again, this definition is valid 
for any group action, but in this 
unit X will always be a set C of 
colourings of some configuration. 


(3.2) 


Of course, it’s one thing to talk about the total number of inert pairs, but 
it’s quite another to do the counting! These inert pairs axe surely even more 
elusive than the colourings ... for they axe a combination of a colouring and 
a group element! 
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But let’s persevere with the idea and see where it takes us. It sometimes 
helps to draw a picture (see Figure 3.7). 



9j 


Figure 3.7 

At the top, we show a set of points representing the individual colourings. 

At the bottom, another set of points is used to represent the elements of the 
group G. 

Lines drawn between the two sets of points represent the inert pairs (c,g): 
so the line from C{ to gj indicates that the group element gj leaves the 
colouring c; fixed, and each line corresponds to an inert pair. 

Now, it must at first sight seem more difficult to count the number of lines 
than to count the number of orbits directly. Yet there is a magic trick to all 
this — the Counting Lemma. It arises from the disarmingly simple 
observation that the number of lines can be found by counting the number 
of ends, either at the top (which we have decided may be difficult) or at the 
bottom — which may be easier, since we are then in the group G, which we 
do know something about. 

Now, consider the number of ‘ends’ at one particular group element g — 
that is, the number of inert pairs ( Ci,g ). 


Definition 3.3 Fixed set 

Let a group G act on a set C. Then for each element g of G, the fixed 
set of g is 

Fix(g) = {c in C such that g leaves c fixed}. 


If we were able to count the top ends of the lines, we would get 
£|Stab(c)|. 

cec 

Counting the bottom ends, we get 
£ |Fix( 9 )|. 

S€G 

Thus, of course, as each of these is the number of lines, or inert pairs, we 
have 

£ | Stab(c)| = £ |Fix( ff )|. 

c£C g€G 

Dividing through by |G|, we obtain 

1 ii£|Stab( C )| = I i f £|Fix( ff )|. (3.3) 

1 1 ceC 11 g&G 

Now we saw in Equation 3.1 that the expression on the left of Equation 3.3 
gives the number of orbits, or equivalence classes, of colourings — which is 
precisely what we want. Hence the expression on the right also gives the 
number of orbits. This result is the Counting Lemma. Of course, the above 
argument does not depend on the set being a set of colourings; it works for 
any action by a finite group G on any set X. 
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Theorem 3.1 Counting Lemma 
Let G be any finite group acting on any set X. Then 
Number of orbits = ^ |Fix(g)|. 

' ' g€G 


The proof of this result requires, first of all, that we prove the validity of the 
rather vague arguments that led to Equation 3.1 in Subsection 3.2. We shall 
defer this proof to the end of the section; a more important priority is for 
you to gain some practice in the use of the Counting Lemma in counting 
equivalence classes of colourings of various configurations. The exercises in 
the next subsection are designed with this in mind. 


3.4 Exercises on the Counting Lemma 

Exercise 3.2 _ 

(a) Apply the Counting Lemma to count the number of equivalence classes 
of colourings of a square picture frame each of whose sides must be 
coloured black or white, assuming that the frame cannot be turned over. 

(b) Repeat the count under the assumptions that the sides are the same 
colour on both surfaces and that the frame can be turned over. 

Exercise 3.3 _ 

Repeat Exercise 3.2 (both parts) for a square divided into quadrants, each of 

which is to be coloured black or white. 


Exercise 3.4 _ ^ 

Repeat Exercise 3.2 for a rectangular picture frame (see Figure 3.8). 

Exercise 3.5 _ ^ ' 

Repeat Exercise 3.3 for a rectangle divided into quadrants (see Figure 3.9). Figure 3.8 


Exercise 3.6 _ 

A regular hexagon is divided into three rhombuses (see Figure 3.10). 
Assuming that the hexagon cannot be turned over, how many equivalence 
classes of colourings are there in which each rhombus is coloured black, grey 
or white? 



Figure 3.10 


Exercise 3.7 _ 

Repeat Exercise 3.6, assuming that the hexagon is made of a transparent 
material and can be turned over. 


Exercise 3.8 


Suppose you were ta draw four 1 cm x 1 cm squares, and colour each of them 
as in Figure 3.11. 

(a) Assuming that you use ordinary paper and colour only one side, how 
many equivalence classes are there of ways of assembling your four 

1 cm x 1 cm squares into a 2 cm x 2 cm square? 

(b) Repeat the calculation, assuming that a transparent material has been 
used. 


n 


Figure 3.11 


Figure 3.9 
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Exercise 3.9 _ 

This is a little harder! Suppose we have a square picture frame that can be 
turned over, and we paint each side either black or white, but the upper and 
lower surfaces of each side are painted independently, so that they can either 
be the same colour or opposite colours. (Thus the arrangement of colours 
which we see when the frame is one way up, is no guide at all to what we 
shall see when we turn it over.) How many equivalence classes of colourings 
are there now? 


3.5 The Orbit-stabilizer Theorem 

In Subsection 3.2, we described a counting method which (we noted) seemed 
reasonable but which we had not actually proved. We repeat it here: 


number of orbits = | Stab(c)|. 

' ' cfC 


(3.1) 


We shall now show that this is a direct consequence of a result which you 
may have come across in your previous mathematical studies, namely the 
Orbit-stabilizer Theorem. 


Theorem 3.2 Orbit-stabilizer Theorem 

When a finite group G acts on a finite set X, then for each x £ X: 
| Orb(x)| x | Stab(x)| = |G|. 


Proof 

Suppose 

Orb(x) = {aq, x m } (with x = Xi). 

For each x*, select one particular element p* of G such that 
Pi A x = Xj. 

(There must be at least one available for each i, as Xj € Orb(x).) 

Suppose 

Stab(x) = {hi, h 2 ,..., h n }. 

Now let p be any element of G. Then g Ax is exactly one of the elements of 
Orb(x), say x*. 

Form the group element ppp, and consider how it acts on x. By 
Property (c) of a group action (see Definition 2.1): 

{9k 1 9) Ax = pp A(pAx) 

= 5fc 1 Ax*,. 

But since p* moves x to x*,, it follows that pj^“ 1 moves x* to x. 

Thus, 

{9k 1 g) A x = x, 

so that Ppp is one of the elements of Stab(x), say 

9k 1 9 = V ( 3 - 4 ) 

Left-multiplying both sides of Equation 3.4 by p*,: 

9k9k l 9 = 9kh q \ 

9 = 9kh q . 


Note that gk is unique once 
have chosen the pj. 


Note that h q is unique since 


20 





Thus, g is the product of an element of Stab(x) and one of the m particular 
elements <?i,..., g m . Moreover, the above argument shows that there is 
exactly one gk and exactly one h q such that g — gkh q . But as this is true of 
each element of G, it follows that 

= | Orb(x)| x | Stab(x)|. ■ 

This has still not quite established Equation 3.1, but we are nearly there! 


Corollary 

When a finite group G acts on a finite set X, then 
number of orbits = jpTr E I Stab(x)|. 

x£X 


Proof 

Let us work out the stun 

E I Stab(x)|, 

xex 

an orbit at a time! Suppose a,b,...,k are elements of X, one from each 
orbit ; then 

E IStab(x)| = E | Stab(x)| + E |Stab(x)| + ■■ • 

xex xeOrb(a) x60rb(h) 

+ E I Stab(x)|. (3.5) 

*60rb(fe) 

Now within a particular orbit, say Orb(a), the Orbit-stabihzer Theorem 
shows that | Stab(x)| must be a constant, since |G| is constant and we are 
staying within the same orbit. Thus, by the time we have counted | Stab(x)| 
over each of the | Orb(a)| elements of Orb(a), the total we get is |G|, by the 
Orbit-stabihzer Theorem. This is true for each orbit; so Equation 3.5 
becomes 

E I Stab(x)| = |G| + |G| H-h |G| 

xex 

= (number of orbits) x |G|. 

Rearranging and dividing by |G|: 

number of orbits = E I Stab(x)|. 

xex 

This completes the proof of the corollary. ■ 

Equation 3.1 is now at last established! 





4 THE CYCLE INDEX 


There is much hard work involved in the use of the Counting Lemma to 
count equivalence classes. For larger problems, it may become impractical to 
determine explicitly which colourings are fixed by a particular element of the 
symmetry group. Can we find some way round this problem? 

The first thing to notice is that actually we do not need to know which 
colourings are fixed, only how many of them are. We have to find a way of 
counting them without looking in detail at all of them. 

You have already had some practice at doing this in Subsection 3.4. The 
solutions, as you may have noticed, did not explicitly draw up all the 
individual colourings; instead, they assessed the size of |Fix(g)| for each g by 
counting up how many independent colour choices could be made. The 
development of this technique is the subject of this section. 


4.1 Permutations and cycles 

Let us take yet another look at our example of the colouring of the sides of a 
square picture frame. This time, however, we shall use three colours. 

Exercise 4.1 _ 

Refer back to our treatment of the problem in Exercise 3.2(a) of the 
previous section, and adapt it to find the number of equivalence classes 
when three colours are available. 


How do the solutions of Exercise 3.2(a) and Exercise 4.1 compare? The sizes 
of the fixed sets in the two cases are as follows: 



|Fix(e)| 

|Fix(r)| 

|Fix(r 2 ) | 

|Fix(r 3 )| 

Two colours 

2 4 

2 1 

2 2 

2 1 

Three colours 

3 4 

3 1 

3 2 

3 1 


Table 4-1 

Thus, the numbers of equivalence classes in the two cases were as follows: 

Two colours: number of equivalence classes = | (2 4 + 2 1 + 2 2 + 2 1 ) = 6. 

Three colours: number of equivalence classes = |(3 4 + 3 1 + 3 2 + 3 1 ) = 24. 

There are no prizes for guessing the answer for 4 colours! In fact, for m 
colours the number of equivalence classes will be 

| (m 4 + m 1 + m 2 + m 1 ) = 1 (m 4 + m 2 + 2m) . 

T 

But what about the indices? Where do they come from? n 

Exercise 4.2 _ L 

Recall the square picture frame, and remember that we labelled the * &— 

positions of the sides as shown in Figure 4.1. For each of the direct 

symmetries, write down the permutation of the position labels it produces. Figure 4-1 


If you used cycle form, you probably gave the answer for the identity 
symmetry simply as (T) — or perhaps even as e. Writing it out in full, as 
(T)(L)(B)(R), will reveal the pattern we are looking for. 
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Consider, for instance, the cycle form for r 2 : ( TB)(LR ). This notation 
shows that r 2 is the product of two disjoint cycles of length 2, or 2 -cycles, 
where a cycle of length k (or fc-cycle) is a cycle involving exactly k 
positions. Our earlier argument was that opposite edges must have the same 
colour, i.e. that the edges at positions T and B must have the same colour 
and that those at positions L and R must have the same colour. But this 
says that labels in the same cycle refer to positions all of which must have 
the same colour. 

Consequently, the choice is of one colour for each cycle. If there are m 
colours, the total choice is thus m 2 , since there axe two cycles in the 
permutation. In general, we shall have 

|Fix(g)(= m*^ 9 \ 

where #(<?) is the number of cycles in the permutation on the positions 
induced by g — with all 1-cycles being counted. 

This allows us to state an important result, actually a special case of Polya’s 
Theorem, which we shall establish in the next section. 


Theorem 4.1 Orbit Counting Theorem 


If G is the group of symmetries of some configuration X which is to be 
coloured using m colours, then the total number of orbits of colourings 
is given by 




where #(<7) is the number of cycles (including 1-cycles) in the cycle 
form of the permutation of the position labels induced by g. 


Exercise 4.3 ___ 

Apply the above Orbit Counting Theorem to the colourings of the four sides 
of a square picture frame with three colours, using the group 
G ={e,r, r 2 ,r 3 }. 


4.2 The cycle symbol 

Although it is clear from Theorem 4.1 that the number of disjoint cycles in 
each permutation is all that is needed to enable us to count the number of 
equivalence classes of colourings, we shall need more information about the 
cycle structure of the permutations if we want to identify all the equivalence 
classes of colourings rather than just to count them. 

To this end, we make use of a notation to record the cycle structures. This 
will take account, not of what each cycle does, but simply of its length — 
and how many cycles of each length there axe. So, we shall denote a cycle of 
length k by the symbol Xk, and we shall represent any symmetry by a 
product with a factor Xk for each cycle of length k in the cycle form of the 
corresponding permutation. 


Definition 4.1 Cycle symbol 

Let g be a symmetry of a configuration X. Then the cycle symbol 
cs(g) is an algebraic term consisting of a product of powers of 
variables Xk, where for each fc the power of a:*, in cs(g ) is the number of 
cycles of length k in the permutation induced by g on the position 
labels. 


Thus e = ( T)(L)(B)(R ) is the 
product of four disjoint 1-cycles. 


From now on, we shall refer simply 
to the ‘number of cycles in a 
permutation’ on the understanding 
that we mean disjoint cycles. 
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This definition is rather intimidating but a few examples should clarify its 
meaning. 

Example 4.1 

Take X to be our familiar square picture frame with side positions T, L, B, R 
What is cs(g) for each g in the rotation group {e, r, r 2 , r 3 }? 

The cycle representation of e is ( T)(L)(B)(R ) — four 1-cycles. Thus in the 
cycle symbol, we must raise x 3 to the fourth power: 

cs(e ) = x\. 

The cycle representation of r is ( TLBR ) — one 4-cycle. Thus in the cycle 
symbol, we must raise £4 to the first power: 

cs(r) — X4. 

The cycle representation of r 2 is ( TB)(LR ) — two 2-cycles. Thus in the 
cycle symbol, we must raise x 3 to the second power: 

cs(r 2 ) = x\. 

Finally, it is clear that r 3 has the same cycle symbol as r: 

cs(r 3 ) = s 4 - ♦ 

Example 4.2 

Take X to be a hexagon split into three rhombuses, with symmetry group 
D 3 = {e,r,r 2 ,s,rs,r 2 s}, where r = r[27r/3] and s = g[0]. The symmetry 
group acts on the three rhombus positions 1,2,3 (see Figure 4.2). What is 
cs(g) for each g 6 -D3? 

The cycle representation of e in this case is (1)(2)(3) — three 1-cycles. Thus, 
cs(e) = x\. 

The cycle representation of r is (123) — one 3-cycle. Similarly, r 2 gives one 
3-cycle. Thus, 

cs(r) = cs(r 2 ) = x 3 . 

The cycle representation of s is (2) (13) — a 1-cycle and a 2-cycle. The 
elements rs and r 2 s have similar cycle structures. Thus, 

cs(s) — cs(rs ) = cs(r 2 s) — x\x 3 - ♦ 

Exercise 4.4_ 

Let X be the square picture frame with side positions T, L, B, R, with 
symmetry group D 4 = {e, r, r 2 ,r 3 , s,rs, r 2 s, r 3 s}. Find the cycle symbol of 
each indirect symmetry. 

Exercise 4.5 _ 

Let X be the square picture frame, this time with five positions. T, L, B 
and R are as before, but the central square hole where the picture goes is 
counted as a fifth position, C (see Figure 4.3). Find cs(g) for each g e D 4 . 


Now the practical purpose of cycle symbols is to make it easier to use the 
Counting Lemma, which always involves summing over all the group 
elements then dividing by |G|. Thus, it should not surprise you to learn that 
there is a name for the result of doing this. 


i 

I 



3 

Figure 4-2 


T 

L C R 

B 

Figure 4-3 
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Definition 4.2 Cycle index 

Let G be a symmetry group acting on a configuration X. When G acts 
in this way, its cycle index is given by 

Pg(x i,x 2 , • ■ •) = |4r 

11 0€G 


The cycle index is denoted by 
Pg{x 1,32,...) to emphasize that it 
is a polynomial in the variables 
*i, X2,... . We shall soon see that 
the real power of this polynomial is 
revealed when particular quantities 
are substituted for those variables. 


Example 4.3 

Write down the cycle index of G for each of the cases in Examples 4.1 
and 4.2. 


For Example 4.1, we have 

Pg(xi,x 2 ,x 3 ,X 4 ) = \ (ca(e) + cs(r) + cs(r 2 )+cs(r 3 )) 

= |(x 4 + X 4 + X§ +X 4 ) 

= jj(x? + x\ + 2x 4 ) . 

For Example 4.2, we have 

Pg(x i,x 2 ,x 3 ) = i ^cs(g) 

seG 

= | (x 3 + 2x3 + 3 X 1 X 2 ) . ♦ 


Exercise 4.6 ___ 

Calculate the cycle index of the symmetry group Z) 4 for the case of the 
square picture frame as in Exercise 4.4. 

Exercise 4.7 ____ 

Calculate the cycle index of the symmetry group D 4 for the case of the 
square picture frame as in Exercise 4.5. 


These cycle indices may look like pieces of pure algebraic mystique, but in 
the next subsection you will see how to set them to work. 


4.3 Counting colourings 

In Example 4.3 we found that the cycle index of the rotation group, acting 
on the four positions T, L, B and R of a square picture frame, is 

Pg{x i,x 2 ,x 3 ,x 4 ) = i(xj +Xj + 2 x 4 ) . 

Now you may remember that in Subsection 4.1 we discovered a formula for 
the number of equivalence classes of colourings of such a frame (assuming 
that it cannot be turned over), if m colours are available: 

number of equivalence classes = \ (m 4 + m 2 + 2m) . 

That is to say, if we replace each of the somewhat mysterious variables xi, 
x 2 , etc. by the constant m, we obtain the answer to the corresponding 
counting problem, using m colours! 

Exercise 4.8 _ 

Find a formula for the number of equivalence classes of colourings (using m 
colours) of a hexagon divided into three rhombuses, made of transparent 
material so that it can be turned over. Verify that this agrees with what you 
have discovered already for m = 2,3. 
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This leads us to the following result. 


Theorem 4.2 Cycle Index Theorem 

If C is a set of colourings of a configuration with m colours, and if that 
configuration is acted upon by the permutation group G, then the 
number of equivalence classes of colourings in C is given by 
P G (m,m,m ,...). 


Proof 

By definition, 


P G (xi, * 2 , x 8 , • • •) = T^7 cs(g ) 

11 gSG 

and, if we remember that the cycle symbol cs(g) is just a product of factors 
such as Xfe, one for each of the #(< 7 ) cycles in the cycle decomposition of g, 
we can see that replacing every factor in cs(g) by m will give us m*^ a \ 
Hence 




and the Orbit Counting Theorem tells us that the right-hand side is equal to 
the number of equivalence classes of colourings. ■ 


Theorem 4.1 


Exercise 4.9 _ 

Find a formula for the number of equivalence classes of colourings of a 
rectangular picture frame (cf. Exercise 3.4), using m colours, assuming that 
each side is the same colour on both surfaces and that the frame can be 
turned over. 


Exercise 4.10 - 

Find a formula for the number of equivalence classes of colourings of a 
rectangle divided into quadrants (cf. Exercise 3.5), assuming that it is made 
of transparent material and can be turned over. 


5 POLYA'S ENUMERATION FORMULA 


We axe now ready to tackle the project which we mooted in the last section: 
to list colourings rather than just to count them. You will not be surprised 
to learn that once more we turn to the square picture frame to illustrate the 
idea. 


5.1 Listing the colourings 


First, we must develop some algebraic notation for the colourings. We 
proceed in much the same way as we did in developing the cycle index 
notation for a group in Section 4. There we multiplied the variables x*, 
together to produce the cycle symbol for an individual group element, then 
added the resulting expressions together to produce the cycle index 
representing the group. Now, we first multiply some terms together to 
represent an individual colouring, then we add the results to represent a set 
of colourings. 

We begin by inventing symbols for the various colours. There is no standard 
terminology here, so let us be as straightforward as possible and use B for 
black, W for white, etc. Why complicate matters? 


In the case of the cycle index, we 
also divided by the order of the 
group. At this stage in the process 
of listing the colourings, we are 
considering them individually, so 
we do not divide by |G|. 
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Example 5.1 

Consider the colouring of the picture frame in which all four sides axe black. 
By analogy with our construction of the cycle symbol, we represent this 
colouring algebraically by raising B to the fourth power: B 4 . 4 

Exercise 5.1 ___ 

Write down the symbols for: 

(a) the colouring in which the top side is white and the others are black; 

(b) the colouring in which the left and bottom sides are white and the other 
two are black. 


The next step is to represent sets of colourings by adding the symbols for 
individual colourings. 

Example 5.2 

Consider the set of all colourings in which at most one side is white. There 
are five such colourings — one with all four sides black, one with just the 
top white, one with just the left side white, and so on. The first of these 
colourings has the symbol B 4 , and each of the others has the symbol B 3 W 
(or WB 3 — we count these as equivalent); so the algebraic symbol for the 
set is 

B 4 + 4B 3 W. 4 

One can interpret this notation as a system in which multiplication means 
'and' while addition means ‘or’. Thus, 

B 4 + 4 B 3 W 

means ‘the set in which either the colours axe (black and black and black 
and black) or one of the four possibilities with (black and black and black 
and white) occurs’. 

Exercise 5.2 ___ 

Write down the symbols for: 

(a) the set of colourings with two white and two black sides; 

(b) the set of colourings in which at least three sides are white. 

Exercise 5.3 ___ 

Write down the symbols for the set of all colourings of the frame with the 
two colours black and white. 


If you remember the Binomial Theorem, you may have noticed that the list 
of colourings just obtained is the expansion of the binomial ( B + W) 4 . 

These are the colourings left unchanged by the identity, since it leaves all 
colourings invariant. 

The logic of the situation is that each side can be coloured black or white 
independently of the others. We thus get the binomial B + W for each side 
— so the result is 

(B or W) and (B or W) and (B or W) and {B or W). 

If we denote ‘or’ by + and ‘and’ by a product, we get the binomial 
{B + W) 4 . 

Exercise 5.4 ___ 

Use the above notation to find the expression for the set of all possible 
colourings of the three rhombuses depicted in Figure 5.1 with the three 
colours black ( B ), grey (G) and white (W). Verify that the expression you 
obtain is in fact the cube of a simpler expression. 



Figure 5.1 
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We shall call an expression of this kind a colouring inventory. 


Definition 5.1 Colouring inventory 

Suppose we have a configuration X and a set C of possible colourings 
of X using some set of colours, to each of which is associated a label 
(for example, we have just used the initial letters B, G, W as labels). 
The colouring inventory of C is a polynomial in the labels, in which: 

(a) each term describes those colourings in C with some particular 
colour distribution; that is to say, the power of a particular label 
(say B) describes the number of positions that have that colour (so 
that B 2 , for example, indicates two black positions); 

(b) the coefficient of a particular term describes the number of 
individual colourings in C with that colour distribution. 


Exercise 5.5 ___ 

Given the configuration in Exercise 5.4 and the colours black, grey and 
white, write down the colouring inventory of the set of colourings in which at 
least two rhombuses are coloured grey. 


We saw in Exercise 5.3 and the discussion following it, that the set of all 
colourings of a square picture frame using black and white is described by 
the colouring inventory ( B + W) 4 . This set of colourings is, of course, 
Fix(e). Next, what about the colourings belonging to Fix(r) — those that 
are unchanged by rotation through n/2? We must have four black sides or 
four white sides — so the colouring inventory is B 4 + W 4 . 

By, continuing in this way, the inventories of the sets of fixed colourings for 
each of the group elements e, r, r 2 , r 3 axe given by 

Fix(e) : B 4 + 4 B 3 W + 6 B 2 W 2 + 4 BW 3 + W 4 =(B 4 + W 1 ) 4 
Fix(r) :B 4 + W 4 = (B 4 + W 4 ) 1 

Fix(r 2 ): B 4 + 2B 2 W 2 +W 4 = (B 2 + W 2 ) 2 

Fix(r 3 ): B 4 + W 4 = (B 4 + W 4 ) 1 . 

Now in Section 3 we discovered that we obtain the correct number of 
equivalence classes of colourings by adding |Fix(p)| for each g, then dividing 
by the order of the group. We now have a colouring inventory for Fix(g) for 
each g; what happens if we add these expressions together and divide 
by |G|? In this case, we obtain 

i [(B 1 + W 1 ) 4 + (B 4 + W 4 ) 1 + (B 2 + W 2 ) 2 + (B 4 + W 4 ) 1 ] 

= i( B 4 + 4B 3 W + 6B 2 W 2 + 4 BW 3 + W 4 
+ B 4 + W 4 

+ B 4 +2B 2 W 2 + W 4 

+ B 4 + W 4 ) 

= i(4 B 4 + 4 B 3 W + 8 B 2 W 2 + 4 BW 3 + 4 W 4 ) 

= B 4 + B 3 W + 2B 2 W 2 + BW 3 + W 4 

and the terms in the expression now correspond exactly to the six 
equivalence classes of colourings! To the term 2 B 2 W 2 there correspond two 
distinct equivalence classes: one with two adjacent black sides and two 
adjacent white sides, the other with alternate black and white sides. 
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Exercise 5.6 ___ 

Consider the rectangular picture frame with symmetry group 
r(n) = {e,r,h,v} (see Exercise 3.4). Write down the colouring inventory of 
Fix(g) for each g G T(lZl), and verify that taking the sum and dividing by 4 
results in a list of the equivalence classes of colourings using the colours 
black and white. 


In order to distinguish between lists of individual colourings and lists of 
equivalence classes of colourings, we have a different name for the latter. 


Definition 5.2 Pattern inventory 

The pattern inventory of a set of equivalence classes of colourings of 
a configuration is a polynomial which lists these classes in the same 
way that a colouring inventory lists individual colourings. 


Example 5.3 

In the case of the square picture frame with black or white sides which 
cannot be turned over, we saw, just before Exercise 5.6, that the terms in 
the expression 

B 4 + B 3 W + 2 B 2 W 2 + BW 3 + W 4 

correspond to the six equivalence classes of colourings. (Note that there are 
two equivalence classes in which two sides are coloured black and two 
white.) This expression is therefore the pattern inventory for this set of 
equivalence classes of colourings. ♦ 

Exercise 5.7 _ 

Take X to be a hexagon divided into three rhombuses, with symmetry 
group D 3 , as in Example 4.2. Assuming that the three colours black, grey 
and white are available, write out the pattern inventory. 


Do you feel ‘all dressed up and nowhere to go’ ? You now have an algebraic 
notation for describing colourings and their equivalence classes — but you 
probably did the last exercise by using common sense, first of all, to find the 
equivalence classes and then translating this into the algebraic notation. 

You did not actually use the notation to solve the problem. 

Despair not — you have not laboured in vain! We now have all the notation 
and concepts at our disposal to state and prove Polya’s Theorem — which 
describes how to generate the pattern inventory simply by making 
substitutions in the cycle index. And this works for a configuration of any 
degree of complexity, using any number of colours! 

5.2 Polya's Theorem 

Before proceeding to the theorem itself, let us look back at some cycle 
symbols and compare them with the corresponding colouring inventories. 

Example 5.4 

In Example 4.1, we discovered that for the group of rotational symmetries 
acting on the square picture frame, the cycle symbols are 
cs(e ) = xj, cs(r) — X4, cs(r 2 ) = x 2 > cs(r 3 ) = x 4 , 
and later we discovered the colouring inventories for Fix(e), Fix(r), Fix(r 2 ) 
and Fix(r 3 ) for this configuration. They are, respectively, 

(B + W) 4 , B 4 + W 4 , (B 2 + W 2 ) 2 , B 4 + W 4 . 

Can you see the connection? 





Next, let us look at the solutions to Exercise 4.9 and Exercise 5.6, which 
involved the rectangular picture frame. From the solution to Exercise 4.9 we 
see that the cycle symbols are 

cs(e ) = xf, cs(r) = x\, cs(h) = x\x 2 , cs(v) = x\x 2 . 

The colouring inventories in the solution to Exercise 5.6, on the other hand, 
can be written respectively as 

(B + FF) 4 , ( B 2 + W 2 ) 2 , (B + W) 2 (B 2 + W 2 ), (B + W) 2 (B 2 + W 2 ). 

(Check this for yourself!) 

The distinct cycle symbols and colouring inventories which occur in these 
two configurations are listed in Table 5.1. 


Cycle symbol 

Colouring inventory 

x\ 

[B + VF) 4 

x 4 

B*+W* 

x\ 

(B 2 +W 2 ) 2 

x\x 2 

{B + W) 2 (B 2 + W 2 ) 


Table 5.1 


Before reading on, please try to see for yourself the connection between the 
two columns of this table. 

The connection is this: each occurrence of xi in the cycle symbol becomes 
B + W in the colouring inventory (so that x\ becomes (B + W) 4 ); each 
occurrence of x 2 becomes B 2 + W 2 \ and, in general, each occurrence of X{ 
becomes B l + W l . ♦ 

In fact, it is quite easy to prove the following lemma. 


Lemma 5.1 

Let X be any configuration, acted upon by any symmetry group G; let 
{pi, ... ,p n } be a set of labels for n colours; and let C be the set of all 
colourings of X using these colours. Then for each g € G, the colouring 
inventory for Fix(g) is obtained from the cycle symbol cs(g) by 
substituting p\ H- \-p\ for x it for each relevant i. 


Proof 

Suppose that there are N positions in the configuration and that the cycle 
representation of g contains just one cycle, {a\a 2 ... an). Then Fix(<?) must 
consist of colourings in which all N positions have the same colour, which 
may be pi or p 2 or ... or p n . Thus, the colouring inventory in this case is 

pf + p 2 +-1- p^ and, since cs(g) = xn, the statement of the lemma is 

true in this case. 

Suppose next that the cycle representation of g contains several cycles. 

Then we can consider X to be made up of several sub-configurations, each 
corresponding to a cycle of g. Each can be coloured independently of the 
others, so the inventory for the colourings of X is the product of the 
inventories for each cycle separately. Since a cycle of length i has the 
colouring inventory p[ -\ -b p l n , this proves the result. ■ 
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Example 5.5 

Consider (yet again!) the square picture frame, with three possible colours: 
red, yellow and green, just to brighten things up. Thus, our labels can be 
Pi = R,P2 = Y,p 3 = G. Consider the group element g = s, and let us 
compute the colouring inventory for Fix(s). 

From the solution to Exercise 4.4, the cycle symbol is 
Cs(s) = X2X1. 

Thus, according to Lemma 5.1, we must replace 
22 by p\ + p\ + p\ = R 2 + Y 2 + G 2 

and 

21 by pi + P2 + P3 = R + Y + G. 

Thus, from X2x\ we derive the following colouring inventory 

(. R 2 +Y 2 + G 2 )(R + Y + G) 2 . ♦ 

Without multiplying this out, we can use it to illustrate the reasoning in the 
proof of Lemma 5.1. The effect of s is to interchange the top and bottom 
sides, so they give rise to two red or two yellow or two green sides. This 
gives the expression ( R 2 + Y 2 + G 2 ). Quite independently of this, the left 
side can be coloured red or yellow or green (R + Y + G), and the right side 
can be coloured red or yellow or green (R + Y + G ). These choices are 
independent, so we multiply to obtain the final result 

(fl 2 +F 2 +G 2 ) (R + Y + G ) 2 . 

Exercise 5.8 _ 

If the hexagon in Figure 5.1 is coloured using a selection from red, yellow, 
green and blue, what is the colouring inventory of Fix(s), where once again s 
is reflection in the horizontal axis? 


We are now in a position to state and prove Polya’s Theorem which asserts 
that the pattern inventory is obtained from the cycle index in exactly the 
same way that one obtains the colouring inventory from the corresponding 
cycle symbol! 


Theorem 5.1 Polya's Theorem 

Let X be any configuration, acted upon by any symmetry group G, 
and let {pi,... ,p n } be a set of labels for n colours. Then the pattern 
inventory for the equivalence classes of these colourings is obtained 

from the cycle index Pq by substituting p\ H-hpj, for Xj, for each 

relevant i. That is to say, the pattern inventory is 


Proof 

For any particular colour distribution, the number of equivalence classes of 
colourings with that distribution is obtained by summing over the numbers 
of colourings with that distribution belonging to Fix(<?), and dividing by |G|; 
this is simply the Counting Lemma applied to the colourings with that 
distribution. As this is true of all colour distributions, it follows that 
summing the colouring inventories of Fix(g) and dividing by |G| gives the 
pattern inventory. But by Lemma 5.1, each colouring inventory is obtained 
by making the stated substitution in cs(g). Therefore, if we make the stated 
substitution in ■— cs(g ) (which is Pg(xi , • • ■, x n )), we obtain the 
|G| S ^ 

pattern inventory. ■ 
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Exercise 5.9 _ 

Let X be a rectangular picture frame, with symmetry group 
T(o) = {e, r, h, u} (i.e. it can be turned over), where each side is the same 
colour (black, grey or white) on both surfaces. Find the pattern inventory. 
(Do not expand it.) 

Exercise 5.10 _ 

Let X be a rectangle divided into quadrants, made of transparent material, 
with symmetry group r(d) = {e,r,h,v}. Find the pattern inventory, again 
for the three colours black, grey, white. (Do not expand it.) 

Exercise 5.11 _ 

A Star of David brooch is made from two equilateral triangles, each with 
three sides. Each of these sides independently is made of silver or gold. The 
two triangles are welded together, so that the symmetry group of the 
positions of the edges is £>3 (see Figure 5.2). Find the pattern inventory, and 
the number of equivalence classes. 



Figure 5.2 

If a customer can afford at most three gold sides, how many equivalence 
classes can she choose from? 


We hope you can appreciate the enormous flexibility of Polya’s Theorem, 
and agree that it makes a fitting culmination to our study of counting with 
groups. Why not make up (and solve) some counting problems of your own? 
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APPENDIX: COLOURING THE CUBE 


We promised in the Introduction that we would return to the problem of 
colouring the faces of a cube using three colours. We shall in fact do more 
than this; we shall use the Cycle Index Theorem to obtain a general formula 
for the number of equivalence classes using m colours, and we shall derive 
the pattern inventory for the three colours red (R), white (W), blue (B). 

As always, we have the choice between considering the group of allowable 
transformations to be the full symmetry group (including reflections) or the 
direct symmetry group. Using the full symmetry group would imply 
regarding a colouring and its mirror image as being in the same equivalence 
class but, clearly, if you put a number of coloured cubes into a bag and 
shake them, none of them will undergo reflection — we would have to push a 
cube into a fourth or higher dimension, rotate it and bring it back into three 
dimensions in order to achieve that! So we shall regard G as the rotation 
group of the cube: 

G = r+(cube). 

What are the rotational symmetries of the cube? We shall cover this again 
in Unit GE5, but for the moment let us observe that there are three kinds of 
axis of symmetry: through pairs of opposite faces, through the midpoints of 
opposite sides and through pairs of opposite vertices (see Figure A.l). 


IX 


Let us now label the positions of the faces of the cube 1,..., 6 (see 
Figure A.2). 



Figure A.S 


We now have to find the cycle symbol of each element of G. The identity is 
easy: its cycle representation is (1)(2)(3)(4)(5)(6), so that 

cs(e) = xf. 

Now let r be a rotation through 7 t/2 about the Type 1 axis shown in 
Figure A.l, anticlockwise when viewed facing position 1. Its cycle 
representation is (1)(6)(2345), so 

cs(r) = x\x 4 . 

Each of the three Type 1 axes has two rotations of this type, so there axe six 
elements of G with this cycle symbol. 

Next, the cycle symbol for r 2 is (1)(6)(24)(35), so 
cs(r 2 ) = x\x\. 


The material in this appendix is 
optional. 


The positions of the three visible 
faces are 1, 2, and 5; the opposite 
hidden faces axe 6, 4 and 3 
respectively. 
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Each Type 1 axis has one rotation of this type, so there are three elements 
of G with this cycle symbol. 

Consider now the Type 2 axes. Each rotation about such an axis has a cycle 
representation such as (16)(23)(45) and cycle symbol x 3 ; there are six such 
rotations. 

Finally, each rotation about a Type 3 axis has a cycle representation such as 
(143) (256) and cycle symbol x§; there axe eight such rotations. 

Adding all this up, 

Pg(x 1,X2,X 3 ,X4,X 5 ,X 6 ) = jj(xf + 6x 2 X 4 + 3 x 2 xl +6X2 +8X3). 

Using the Cycle Index Theorem, the number of equivalence classes of 
colourings using m colours is obtained by substituting m for each of the 
variables x\,...,x$: 

number of equivalence classes = ^ (m 6 + 6m 3 + 3m 4 + 6m 3 + 8m 2 ) 

= (to 6 + 3to 4 + 12m 3 + 8m 2 ). 

For the particular case of three colours, this gives 57 varieties! 

By Polya’s Theorem, the pattern inventory for R, W and B is given by 
substituting R* + W i + for x* (i = 1,..., 6), to obtain 

±((R+W + B) 6 + 6{R + W + B) 2 (R? + W 4 + B 4 ) 

+ 3 (R + W + B) 2 (R? + W 2 + B 2 ) 2 
+ 6 (R 2 + W 2 + B 2 ) 3 + 8 (R 3 + W 3 + B 3 ) 2 ). 

It would be possible to go on to expand this polynomial and thus list the 
number of equivalence classes of colourings with every possible colour 
distribution. Suppose, however, that you merely want to know how many 
equivalence classes with two red, two white and two blue faces there are. 
Then your work can be considerably shortened because the answer is simply 
the coefficient of R 2 W 2 B 2 in the expansion. Now: 

the coefficient of R?W 2 B 2 in (R + W + B) 6 is = 90; 

the coefficient of R 2 W 2 B 2 in 6 {R + W + B) 2 ( R 4 + W 4 + B 4 ) is 0; 

that in 3(7? + W + B) 2 (R 2 + W 2 + B 2 ) 2 is 18; 

that in 6(i? 2 +W 2 + B 2 ) 3 is 36; 

and that in 8(i? 3 + W 3 + B 3 ) 2 is 0. 

Thus the coefficient of R 2 W 2 B 2 in the whole pattern inventory is 
jfj(90 + 0 + 18 + 36 + 0) = 6. 
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SOLUTIONS TO THE EXERCISES 


Solution 1.1 

Four, represented by frames 1, 2, 4 and 6. 

Frame 1 has two adjacent sides black and two white, and the same is true of 
3, 5 and 9. Frame 2 has two opposite sides black and two white, and the 
same is true of 7. Frame 4 has three black sides, and the same is true of 8. 
Frame 6 has three white sides, and this is not true of any other frame in the 
figure. 

Solution 1.2 

This time, there are eight individual colourings, divided into four classes of 


Class 1 


Class 2 


Class 3 


Class 4 

Solution 1.3 

(a) Applying e, r[27r/3] and r[47r/3] gives the following. 

(b) In addition to the above, applying g[0], q[ir/ 3] and g[27r/3] gives the 
following. 

V If 


Solution 2.1 



A 

B 

C 

D 

e 

A 

B 

C 

D 

r 

B 

C 

D 

A 

r 2 

C 

D 

A 

B 

r 3 

D 

A 

B 

C 

s 

D 

C 

B 

A 

rs 

A 

D 

C 

B 

r 2 s 

B 

A 

D 

C 

r 3 s 

C 

B 

A 

D 


it colourings as follows. 

© 

2 3 4 

Wlf 

5 6 7 
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Solution 2.2 



AC 

BD 

e 

AC 

BD 

r 

BD 

AC 

r 2 

AC 

BD 

r 3 

BD 

AC 

s 

BD 

AC 

rs 

AC 

BD 

r 2 s 

BD 

AC 

r 3 s 

AC 

BD 


Solution 2.3 

Cl C 2 C 3 C4 C5 C6 C7 Cg 
e Cl C2 C3 C4 C5 C6 C7 Cg 

r Cl c 3 c 4 c 2 Cg c 7 c 5 Cg 

r 2 ci c 4 c 2 c 3 c 7 c 5 Cg eg 

The orbits are {ci}, {c 2 ,c 3) c 4 }, {cs,cg,C7} and {eg}. 

Solution 2.4 

This is the same group action table as for the corners of the square, and is 

given as Solution 2.1. 

Solution 2.5 

The six colourings are as follows. 



Under the action of the group, there are two orbits: 

{ci,c 2 } and {c 3 ,c 4 ,c 5 ,cg}. 

The first orbit consists of those colourings in which one pair of diagonally 
opposite quadrants is one colour and the other pair is the other colour. The 
second orbit consists of those colourings in which an adjacent pair is one 
colour and the other adjacent pair is the other colour. 
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Solution 3.1 

We could just add together the answers to Examples 3.1 and 3.2 to get 
9 + 12 = 21 equivalence classes (orbits). 

Alternatively, we could count all ‘effective objects’ again, counting every 
object with a symmetry group of order 2 twice. This gives a total of 
36 + 48 = 84 ‘effective objects’, which divides by 4 to get 21 equivalence 
classes (orbits). 

Solution 3.2 

(a) As the frame cannot be turned over, the group of allowable 
transformations is {e,r, r 2 ,r 3 } again. For each group element, we have 
to find how many colourings it does not change. 

e: all 2 4 colourings axe left unchanged, so that is the size of 

Fix(e): 16 

r: each side must have the same colour as the next, so all 4 

sides are the same colour, with just two choices: 2 

r 2 : opposite sides must be the same colour, so there are two 

pairs to colour independently, in 2 2 ways: 4 

r 3 : each side must have the same colour as the one on its left, 

so all four are the same colour, with just two choices: 2 

From this we calculate the sum 

£ |Fix( S )| = 16 + 2 + 4 + 2 = 24, 

g€G 

and then, dividing by the order of the group, we get the number of 
orbits as 

^£|Fix( fl )| = !(24) = 6, 

which is, of course, exactly what we got in Section 1. 

(b) The group of allowable transformations is now 
{e,r,r 2 ,y*,r 3 ,s,rs,r 2 s,r 3 s}. We have calculated |Fix(g)| for the first 
four of these elements already, in part (a). The other four elements are 
reflections, in the fines through the midpoints of the sides and the 
corners. In the figure, each of these axes is labelled with the 
corresponding group element. Again, we must discover how many 
colourings each reflection leaves unchanged. 

s: the sides in positions T and B must be the same colour, 

but those in positions L and R may be coloured 
independently, giving 2 3 choices: 8 

rs: the sides in positions T and R must be the same colour, as 

must be those in positions L and B, giving 2 2 choices: 4 

r 2 s: a similar situation to s: 8 

r 3 s: a similar situation to rs: 4 

Adding these to the total of 24 from the direct symmetries, we now have 
£.JFix(0)| = 24 + 8 + 4 + 8 + 4 = 48. 

g€G 

But the order of the group is now 8, so we have 
^£^(0)1=48/8 = 6, 

1 1 geG 

— which is exactly the same as we got before! 


The reason for this result is that, 
although the symmetry group has 
been enlarged, the equivalence 
classes remain the same as they 
were before. With only two colours, 
if two colourings are equivalent by 
a direct symmetry of the frame, 
then they are also equivalent by an 
indirect symmetry, and vice versa. 


You could establish this using the 
Isometry Toolkit, but as long as 
you identify all four reflections in 
some form, this is all that matters. 
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Solution 3.3 

(a) Apart from the fact that sides become quadrants, the argument is 
exactly as in the solution to Exercise 3.2(a), giving again 6 equivalence 
classes. 

(b) The argument here is very similar to the solution to Exercise 3.2(b), but 
it is worth noting that the reflections s, r 2 s interchange roles with the 
reflections rs, r 3 s. 



Here we have 

|Fix(s)| = |Fix(r 2 s) | = 4, 

|Fix(ra)| = |Fix(r 3 s) | = 8, 

since in this case it is s and r 2 s that interchange quadrants in pairs (in 
the same way that rs and r 3 s interchanged sides in pairs in the case of 
the picture frame). Conversely, here it is rs and r 3 s that each leave two 
quadrants in the same position while interchanging the other two. 

Again, therefore, there are 6 equivalence classes. 

Solution 3.4 

(a) The group here is just {e, r} where in this case r = r[7r]. As before, we 
calculate how many colourings each does not change. 

e: all 2 4 colourings are left unchanged: 16 

r: the short sides must be the same colour, as must the long 

sides, giving 2 2 choices: 4 

Thus the number of equivalence classes is 
i^£|Fix( fl )| = i(16 + 4) = 10. 

11 geG 

(b) The group is the group of symmetries of the rectangle, 
r(o) = {e,h,v,r}. 

; ^ 



We calculated |Fix(e)| and |Fix(r)| in part (a). For the other two: 

h : the short sides must be the same colour, giving 2 3 choices: 8 
v : the long sides must be the same colour, giving 2 3 choices: 8 
Thus the number of equivalence classes is 





Solution 3.5 

(a) The group is as in the solution to Exercise 3.4(a). 

e: all 2 4 colourings are left unchanged: 16 

r: the top right and bottom left quadrants must be the same 
colour, as must the other two, giving 2 2 choices: 4 

Thus the number of equivalence classes is 

] i f ^|Fix( ff )| = I(16 + 4) = 10. 

11 SGG 

(b) The group is again the group of symmetries of the rectangle, 
r(lZl) = {e, h,v, r}. 

; ^ 


We calculated |Fix(e)| and |Fix(r)| in part (a). For the other two: 

h: the left quadrants must be the same colour, as must the 

right quadrants, giving 2 2 choices: 4 

v: the top quadrants must be the same colour, as must the 

bottom quadrants, giving 2 2 choices: 4 

Thus the number of equivalence classes is 

]ir E |Fix(ff)l = 1(20 + 4 + 4) = 7. 

11 see 

Solution 3.6 

The group here is {e,r,r 2 }. Working as in the last four exercises: 

e: all 3 3 colourings axe left unchanged: 27 

r: each rhombus must have the same colour as the next, so all 

three are the same colour, with just three choices: 3 

r 2 : same argument as for r: 3 

Thus, the number of equivalence classes is 
i^^lFixG?)^ ±(27 + 3 + 3) = H. 

11 g€G 


Thus, rather surprisingly, the 
rectangular picture frame and the 
rectangle divided in quadrants 
behave the same way if they 
cannot be turned over, but 
differently if they can! 


Solution 3.7 

The group is now {e,r,r 2 , s,rs, r 3 s}, where each reflection exchanges two 
rhombus positions and leaves the third fixed. We calculated |Fix(e)|, |Fix(r)| 
and |Fix(r 2 ) | in the solution to Exercise 3.6. As for the others: 

s : rhombus positions 1 and 3 must be the same colour, and 

the other rhombus can be coloured independently, giving 
3 2 choices: 9 

rs: similar argument: 9 

r 2 s: similar argument: 9 

Thus, the number of equivalence classes is 

iir E l Fix (s)l = K 33 + 9 + 9 + 9 ) = 10 - 

11 geo 
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Solution 3.8 

(a) The group is {e,r,r 2 ,r 3 } as for the square picture frame. As usual, we 
must find out, for each group element, how many objects it does not 
change. 

e: all 2 4 objects axe left unchanged: 16 

r: if there is a particular orientation in the top right, then 
the orientation in the top left must be rotated through 7 t/ 2 
with 

respect to it, and similarly all the way round. Thus there 
axe just two elements of Fix(r): 2 



r 2 : the top right and bottom left must be the same orientation 
(since rotation of a 1 cm x 1 cm square through n leaves it 
looking 

the same). Similarly, the top left and bottom right must 
be in the same orientation, giving 2 2 choices: 4 

r 3 : as r: 2 

Thus the number of equivalence classes is 

E l Fix (s)l = I< 16 + 2 + 4 + 2) = 6. 

1 1 geG 

(b) The group is {e, r, r 2 ,r 3 ,s,rs, r 2 s, r 3 s}, and we must now do the 
calculations for s, rs, r 2 s and r 3 s: 


s: the right pair must be in the same orientation, as must be 

the left pair, giving 2 2 choices: 4 

rs: Oh dear! The top right and bottom left squares must look 

the same after reflection on the diagonal passing through 
them. This is impossible! 0 

r 2 s: the top pair must be in the same orientation, as must be 

the bottom pair, giving 2 2 choices: 4 

r 3 s: impossible, for a similar reason to rs: 0 

Thus the number of equivalence classes is 


jir X) l Fbc (s)l = K 24 + 4 + 0 + 4 +0) = 4. 

1 1 geG 

Solution 3.9 

This time the upper surface and the ‘under’ surface of each side of the frame 
must be regarded separately. Denoting the upper surfaces by T, L, B and R 
as before, we may denote the under surfaces by T', L', B' and R'. 


As before, we must now calculate how many colourings are not changed by 
each of the group elements e, r, r 2 , r 3 , s, rs, r 2 s, r 3 s. 




e: all 2 8 colourings unchanged: 256 

r: each of T, L, B, R must be the same colour, as must each 

of T', L ', B 1 , R', giving 2 2 choices: 4 

r 2 : T and B must be the same colour, as must T' and B', L 

and R, L' and R', giving 2 4 choices: 16 

r 3 : as for r: 4 

s: L and L' must be the same colour, as must R and R', T 

and B', T' and B, giving 2 4 choices: 16 

rs: T and R' must be the same colour, as must T' and R, L 

and B’, L' and B, giving again 2 4 choices: 16 

r 2 s: similar situation to s: 16 

r 3 s: similar situation to rs: 16 


Thus the total number of equivalence classes is 

^ |Fix( S )| = |(256 + 4 + 16 + 4 + 16 + 16 + 16 + 16) = |(344) 

^ 9€G 


Solution 4.1 

As before, for each element g of {e,r,r 2 ,r 3 } we must calculate 

e: all 3 4 colourings are left unchanged: 

r: each side must have the same colour as the next, so all 

four sides are the same colour, with just three choices: 
r 2 : opposite sides must be the same colour, so there are two 
pairs to colour independently, in 3 2 ways: 
r 3 : each side must have the same colour as the one to its left, 
so all four are the same colour, with just three choices: 

From this we calculate the sum 

^2 |Fix(flO| =81 + 3 + 9 + 3 — 96 

g€G 

and then, dividing by the order of the group, we get the number of 
equivalence classes as 

] ± r £|Fix( 5 )| = i(96) = 24. 

11 06 G 


|Fix(s)|. 

81 

3 

9 

3 


Solution 4.2 

In two-line notation and cycle form, these permutations are as follows, 
two-line notation cycle form 

‘ {t L l B r) <r>(i)(fl)(H) 

r (l b r t) 

{ T b L r ? f ) ™ 

- {l L T f R b) <™*> 

Solution 4.3 

The numbers of cycles are as follows: 

#(e) = 4, #(r) = 1, #(r 2 ) = 2, #(r 3 ) = 1, 
and so the number of orbits (i.e. equivalence classes of colourings) is 
\ (3 4 + 3 1 + 3 2 + 3 1 ) = i(96) = 24, 
in agreement with Solution 4.1. 




Solution 4.4 

The cycle representation of s is ( TB)(L)(R ), and so 
CS(S) = X 2 X 2 . 

The cycle representation of rs is ( TR)(LB ), and so 
cs(rs) = x 2 . 

Similarly, 

cs(r 2 s) = x 2 x 2 , cs(r 3 s) = x 2 . 

Solution 4.5 

The centre position always remains fixed. Thus, to each permutation, we 
must now adjoin the 1-cycle (C). Thus we must multiply by Xi each cycle 
symbol from Example 4.1 and Exercise 4.4, to obtain 

cs(e) = xf, cs(r) = x 4 x lt cs(r 2 ) = x\x u cs(r 3 ) = x 4 xi, 
cs(s) = x 2 x 3 , cs(rs) = x 2 xi, cs(r 2 s) = x 2 x 3 , cs(r 3 s) = 

Solution 4.6 

By adding each cycle symbol from Example 4.1 and Exercise 4.4, and 
dividing by 8, the cycle index is given by 

P G (x 1, x 2 , x 3 , x 4 ) = | (x? + x 4 + x\ + x 4 + x 2 xj +xl+ x 2 x 2 + xj) 

= | (xf + 2xjX 2 + 3x| + 2 x 4 ) . 


Solution 4.7 

By adding each cycle symbol from Exercise 4.5, and dividing by 8, the cycle 
index is given by 

Pg(x i,x 2 ,x 3 ,x 4 ) = |(x® + 2x 3 x 2 + 3 xiX2 + 2 xix 4 ) . 

Solution 4.8 

From Example 4.3, the cycle index is 

Pg(x i,x 2 ,x 3 ) = |(x? + 2 x 3 + 3 xix 2 ) , 

and so, substituting m for each of xi, x 2 , x 3 , we get |(m 3 + 2m + 3m 2 ). In 
particular: 

for two colours, |(2 3 + 2 x 2 + 3 x 2 2 ) = 4, which agrees with Solution 1.2; 
for three colours, |(3 3 + 2 x 3 + 3 X 3 2 ) = 10, which agrees with Solution 3.7. 

Solution 4.9 

From the solution to Exercise 3.4, we have in this case 
cs(e) = Xi, cs(r) = x\, cs(h) = x 2 x 2 , cs(v) = x 2 x 2 , 
so that 

Po(*i,« 2 ) = 1 (x? + 2 x 2 x 2 + x|) 

and the number of equivalence classes of colourings using m colours is 
\ (m 4 4- 2m 3 + m 2 ). 


Note that Solution 1.2 did not 
actually consider the possibility of 
turning the hexagon over, but for 
two colours this makes no 
difference. 
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Solution 4.10 

Prom Solution 3.5, we have in this case 

cs(e) = x\, cs(r) = x 2 , cs(h) — x 2 , cs(y) = x \, 
so that 

Pq{x 1,12) = j(*} + 3xj), 

and the number of equivalence classes of colourings using m colours is 
| (m 4 + 3m 2 ). 

Solution 5.1 

(a) WB 3 (or B 3 W). 

(b) W 2 B 2 (or B 2 W 2 ). 

Solution 5.2 

(a) There are six individual colourings with two white and two black sides, 
so the symbol is 6 W 2 B 2 (or 6 B 2 W 2 ). 

(b) W 4 + 4 W 3 B (or W* + 4 BW 3 ). 

Solution 5.3 

Just add the results for Example 5.2, Exercise 5.2(a) and Exercise 5.2(b), to 
obtain 

B* + 4 B 3 W + 6 B 2 W 2 + 4 BW 3 + W A 
(or any equivalent rearrangement). 

Solution 5.4 

There are 27 colourings, of which: 
one is all black, giving B 3 \ 
one is all grey, giving G 3 ; 
one is all white, giving W 3 ; 

three have two rhombuses black and one grey, giving 3 B 2 G\ 
similarly, we obtain W 2 W, 3 G 2 B, 3 G 2 W, 3 W 2 B and 3W 2 G; 
six have all three colours, giving 6 BGW. 

Thus the expression is 

B 3 + G 3 + W 3 + 3 B 2 G + 3 B 2 W + 3 G 2 B + 3 G 2 W + 3 W 2 B + 3 W 2 G + 6 BGW. 
It is easily checked (by multiplying out) that this is equal to (B + G + IP) 3 . 

Solution 5.5 

We just pick out, from the colouring inventory in Solution 5.4, those terms 
where G is raised to the power 2 or 3. Thus the requisite colouring inventory 
is G 3 + 3 G 2 B + 3 G 2 W. 



Solution 5.6 

The colouring inventories for the fixed sets are: 
e : B 4 + 4 B 3 W + 6 B 2 W 2 + 4 BW 3 + W 4 
r:B 4 + 2 B 2 W 2 + W 4 

h : B 4 + 2 B 3 W+ 2B 2 W 2 + 2 BW 3 + W 4 
v : B 4 + 2B 3 W + 2 B 2 W 2 + 2BW 3 + W 4 . 

Summing and dividing by 4 gives 

B 4 + 2 B 3 W + 3 B 2 W 2 + 2 BW 3 + W 4 . 

This is correct. The term B 4 corresponds to the all black colouring (which is 
in an equivalence class of its own); the term 2 B 3 W corresponds to the two 
equivalence classes with three black and one white side (one having a short 
white and one a long white side); the term 3B 2 W 2 corresponds to the three 
equivalence classes: long and short black, long and short white; two long 
blacks and two short whites; two short blacks and two long whites. The 
2 BW 3 and W 4 terms similarly correspond correctly to two and one 
equivalence classes of colourings. 

Solution 5.7 

B 3 + G 3 + W 3 + B 2 G + B 2 W + G 2 B + G 2 W + W 2 B + W 2 G + BGW. 

Solution 5.8 

From Example 4.2, the cycle symbol for s is now 
Cs(s) = X 1 X 2 ■ 

Thus the colouring inventory of Fix(s) is 
/ (R + Y + G + B)(R 2 + Y 2 + G 2 + B 2 ). 

Solution 5.9 

From Solution 4.9, 

Pg{xi,x 2 ) = + 2x\x 2 + xf ), 

and so the pattern inventory is 

\( (B + G + W ) 4 + 2 (B + G + W ) 2 ( B 2 + G 2 + W 2 ) + {B 2 + G 2 + W 2 ) 2 ). 

Solution 5.10 

From Solution 4.10, 

Pg(x i,x 2 ) = \{x 4 + 3x2), 

and so the pattern inventory is 

i( (B + G + W) A + 3 (B 2 +G 2 + W 2 ) 2 ). 
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Solution 5.11 

We must calculate cs(g), for each g in £>3. Clearly, cs(e) = xf, while each 
non-zero rotation not involving turning the brooch over creates a pair of 3-cydes, so that 

cs{r) = cs(r 2 ) = x\. 

We have to be a little careful in analysing the symmetries that involve turning the brooch over. In fact, 
the axes of rotation symmetries that involve turning the brooch over are as shown below. 



The lines through the vertices of the triangles and the centre are not 
reflection axes. 

Thus, each reflection creates three 2-cycles, so that 
cs(s) = cs(rs) = cs(r 2 s ) = x 3 . 

Adding the cycle symbols and dividing by 6 gives the cycle index: 

Pg{x i,x 2 ,x 3 ) = |(x® + 2x3 + 3x|). 

Thus the pattern inventory is 

i((S + G) 6 + 2 (S 3 + G 3 ) 2 + 3(S 2 + G 2 ) 3 ) 

= i (S 6 + 6S 5 G + 15S 4 G 2 + 20S 3 G 3 + 15S 2 G 4 + 6SG 5 + G 6 
+2S 6 + 4S 3 G 3 + 2 G 6 + 3 S 6 + 9 S A G 2 + 9 S 2 G 4 + 3G 6 ) 

= S 6 + S s G + 4 S 4 G 2 + 4 S 3 G 3 + 4 S 2 G 4 + SG 5 + G 6 

The total number of equivalence classes is l + l + 4 + 4-)-4-t-l + l = 16, of 
which 10 have at most three gold edges. 
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OBJECTIVES 

After you have studied this unit, you should be able to: 

(a) state the difference between individual colourings and equivalence 
classes of colourings of a configuration acted on by a symmetry group; 

(b) recognize these equivalence classes as orbits under the action of the 
symmetry group on the colourings; 

(c) distinguish between the group actions on the configuration positions and 
on the colourings; 

(d) draw up the group action table for each of these actions; 

(e) use the method of counting orbits based on summing the sizes of the 
stabilizers and dividing by the order of the group; 

(f) appreciate the fact that this method stems from the Orbit-stabilizer 
Theorem; 

(g) state the Counting Lemma, use it to count orbits under a group action, 
and use the m-colour version known as the Orbit Counting Theorem; 

(h) in particular, use it in conjunction with the cycle index of the symmetry 
group, to count equivalence classes of colourings using the Cycle Index 
Theorem; 

(i) state Polya’s Theorem and use it to obtain the pattern inventory of a 
configuration with a symmetry group action and a given set of colours. 
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